In this paper, we study the homology of the cyclic coloring complex of three different types of k-uniform hypergraphs. For the case of a complete k-uniform hypergraph, we show that the dimension of the (n − k − 1) st homology group is given by a binomial coefficient. Further, we discuss a complex whose r-faces consist of all ordered set partitions [B 1 , ..., B r+2 ] where none of the B i contain a hyperedge of the complete k-uniform hypergraph H and where 1 ∈ B 1 . It is shown that the dimensions of the homology groups of this complex are given by binomial coefficients. As a consequence, this result gives the dimensions of the multilinear parts of the cyclic homology groups of C[x 1 , ..., x n ]/{x i 1 ...x i k | i 1 ...i k is a hyperedge of H}. For the other two types of hypergraphs, star hypergraphs and diagonal hypergraphs, we show that the dimensions of the homology groups of their cyclic coloring complexes are given by binomial coefficients as well.
Introduction
In this paper, we will study the homology of the cyclic coloring complex of a kuniform hypergraph. Let G be a simple graph on n vertices. The coloring complex of a graph, Λ(G) was introduced by Steingrímsson [10] , and for the case where G has at least one edge, the homology of Λ(G) was shown to be nonzero only in dimension n−3 by Jonsson [7] . 1
Further, Jonsson showed that in this case the dimension of the nonzero homology group of Λ(G) was equal to χ G (−1) − 1, where χ G (λ) is the chromatic polynomial of G. Crown [4] defined and studied the cyclic coloring complex of a graph, ∆(G) and determined the dimensions of the homology groups of ∆(G). In particular, she showed that if G has r connected components, the dimension of the (n − Let H be a hypergraph on n vertices. The coloring complex of a hypergraph, Λ(H) was introduced in Long and Rundell [9] as well as in Breuer, Dall, and Kubitze [2] .
Hanlon [5] showed that there exists a Hodge decomposition of the nonzero homology group of Λ(G) and that the dimension of the j th Hodge piece of this decomposition equals the absolute value of the coefficient of λ j in χ G (λ). Long and Rundell [9] extended Hanlon's result by showing that the Euler Characteristic of the j th Hodge subcomplex of Λ(H) is related to the coefficient of λ j in χ H (λ). Long and Rundell also showed that for a class of hypergraphs, which they call star hypergraphs, the coloring complex of the hypergraph is Cohen-Macaulay. Breuer, Dall, and Kubitzke [2] showed that the f − and h− vectors of the coloring complexes of hypergraphs provide tighter bounds on the chromatic polynomials of hypergraphs. They also show that the coloring complex of a hypergraph has a wedge decomposition, and they provide a characterization of those hypergraphs which have a connected coloring complex.
In this paper, we study the cyclic coloring complex of a complete k-uniform hypergraph. We determine the dimension of the homology group, HC n−k−1 (∆(H)). We also define a complex ∆(H) C , whose r-faces consist of all ordered set partitions [B 1 , ..., B r+2 ], where none of the B i contain a hyperedge of H and where 1 ∈ B 1 . We compute the dimensions of the homology groups of this complex, HC r (∆(H) C ), for r ≥ n − k. This gives, as a result, the dimensions of the multilinear parts of the cyclic homology groups of
we determine the dimensions of HC r (∆(H)) for all r. In this paper, we will also study the cyclic coloring complex of a star hypergraph and the cyclic coloring complex of a diagonal hypergraph. Throughout this paper, H will denote a hypergraph whose vertex set V is {1, ..., n}.
Next we define the coloring complex of a hypergraph, H, following the presentation in Jonsson [7] . 
where V r is the vector space over a field of characteristic zero with basis Λ r and
Notice that δ r−1 • δ r = 0. Then:
It is also worth noting that Hultman [6] defined a complex that includes both Steingrímsson's coloring complex and the coloring complex of a hypergraph as a special case.
To define the cyclic coloring complex, we first must define an equivalence relation on the elements of ±Λ r :
Let σ ∈ S r+2 be the (r + 2)-cycle (1, 2, ..., r + 2). Define ∆ r = ±Λ r / ∼, where It is straightforward to check that ∂ is well-defined on equivalence classes. Thus, Definition 2.4. The cyclic coloring complex of H, ∆(H), is the sequence
where C r is the vector space over a field of characteristic zero.
Notice that ∂ r−1 • ∂ r = 0, so then:
As mentioned in Crown [4] , the motivation for the definition cyclic coloring complex comes from cyclic homology. See Loday [8] for more information on cyclic homology.
In a couple of our arguments, we will consider the homology of the quotient of two cyclic coloring complexes, so we will define this quotient now:
Consider the coloring complex of a hypergraph H, ∆(H), and consider a subcomplex, ∆(I), of ∆(H). Then ∆(H)/∆(I) will consist of partitions of ∆(H) where none of the B i contains a hyperedge of I. Thus, we obtain the sequence of complexes:
where j is the quotient map. From the homology of the pair, (∆(H), ∆(I)), this then induces the long exact sequence:
where i * is the map induced by the inclusion ∆(I) ֒→ ∆(H) and j * is the map induced by the quotient map j.
One of our results will relate the dimension of Λ(H) to the chromatic polynomial of In this paper, we will also need the following definitions:
Definition 2.7. Let H be a uniform hypergraph of rank k with no singleton vertices. H is a star hypergraph if all of its hyperedges intersect in a common set of size k − 1.
Definition 2.8. Let H be a uniform hypergraph of rank k with edge set E = {e 1 , ..., e n−k+1 }.
H is a diagonal hypergraph if it isomorphic to the hypergraph with edge set
.., n}}.
The Complete k-Uniform Hypergraph
In this section, we discuss the homology of the cyclic coloring complex of a complete k-uniform hypergraph. We let ∆(E n ) be the cyclic coloring complex of the complete graph with looped edges at each vertex. Notice that then ∆ n−2 (E n ) consists of all ordered is nonzero for n − k − 1 ≥ r ≥ −1 and is given by dim HC r (∆(H)) = n − 1 r + 1 .
Proof:
Consider the function
where B 1 is the block containing 1. Let ∆ 
Notice that f gives a filtration of each ∆ l (H) and that the boundary map ∂ respects the filtration. We will use a spectral sequence argument to determine the dimensions of the homology groups of ∆(H). See Chow [3] for an introduction to spectral sequences, and we will follow his notation throughout the proof. 
Further, the proof of Theorem 3.2 in Crown [4] also shows that the homology representatives of the r th homology group of ∆(H) are indexed by the subsets of size n − r − 2 of {2, ..., n}. Namely, for each subset, A, of size n − r − 2 of {2, ..., n}, we obtain one homology representative of HC r (∆(H)),
, where {a 1 , ..., a r+1 } is the complement of A in {2, ..., n}.
Let H be the complete k-uniform hypergraph on n vertices. Notice that ∆(H) is a 
.
For the first part of the theorem, consider the following long exact sequence:
for n − 2 ≥ r > n − k.
We will now prove the second statement of the theorem. Let W 1 , ..., W ( 
Using this notation, ∆(H)
). We will compute the homology of ∆(H) C by sequentially computing the homology of ∆(E
Let H ′ be the k-uniform hypergraph on n vertices with edge set consisting of all possible hyperedges of size k containing the vertex 1.
. We begin by using the following long exact sequence to calculate the homology of ∆(H ′ ) C :
By the same argument as in the first part of this proof, we can see that the dimension of
. So consider r = n − k. We noted after the proof of Theorem 3.1 that the homology representatives of the r th homology group of ∆(H ′ ) are indexed by the subsets of size n − r − 2 of {2, ..., n}. As noted in the proof of Theorem 3.2 in Crown [4] , these are the same as the homology representatives of the r th homology group of ∆(E n ). Thus α r is bijective for all r ≤ n − k − 1. By the above argument, it suffices to consider the exact sequence:
Since α n−k−1 is injective, the image of φ n−k is zero. Therefore, the dimension of
equals the dimension of the kernel of φ n−k . By exactness, the dimension of the kernel of
. Now we will sequentially compute HC r (∆(H)
. Notice that
for r > n − k. Further, we know HC r (∆(H ′ ) C ) = 0 for r ≤ n − k − 1. It suffices then to consider the the exact sequence:
Consider the complex ∆(E (1,W (
Notice that the homology of this complex is equal to the homology of the complex ∆(T (0,1)) n−k+1 ), where T n−k+1 is the tree on n − k + 1 vertices, with root labeled 1, and edges (1, 2), (1, 3) , ..., (1, n − k + 1), and where vertices 1 and 2 are not in the same block of a chain [B 1 , ..., B r+2 ]. Let {a 1 , ..., a n−k−1 } be the elements of the complement of W ( n−1 k−1 )+1 in {2, ..., n} listed in increasing order. The isomorphism is given by mapping 1 to 1, W ( n−1 k−1 ) +1 to 2, a 1 to 3, ...., a n−k−1 to n − k + 1. By Lemma 3.3 of Crown [4] , the dimension of
We claim that for each subsequent set W l removed, the contribution to dim HC n−k (∆(H) C ) will be one. Notice that for all l,
, the homology of the complex ∆(E
is equal to the homology of the complex ∆(T (0,i) n−k+1 ) for some i. By Lemma 3.3 of Crown, the dimension of
for each subsequent set W l removed, the contribution to dim HC n−k (∆(H) C ) will be one.
Since there are
Notice that the elements of ∆ r (H)
C are in bijection with the cyclic words [
where for n − k ≤ r ≤ n − 2 and
for r = n − k.
We will now determine the dimension the (n − k − 1) st homology group of ∆(H) for a complete k-uniform hypergraph:
Proof:
Consider the following long exact sequence:
By the proof of Theorem 3.2 in Crown [4] , each of the homology representatives of HC r (∆(E n )) corresponds to a subset, A, of {2, ..., n} of size n − r − 2. Since the set {1} ∪ A is an edge of H, each of the homology representatives of HC n−k−1 (∆(E n )) is mapped to zero by the map β n−k−1 . Therefore, the dimension of the kernel of β n−k−1 is n−1 n−k
. By exactness and Theorem 3.2 in Crown [4] , the dimension of the kernel of φ n−k = n−1 n−k+1
. Thus,
When k = n − 1 and k = n − 2, we have the results: 
Note that there Theorem 3.6. Let H be the complete (n − 2)-uniform hypergraph on n vertices. Then for
From Theorem 3.4, we know that dim HC 1 (∆(H)) = 
Star Hypergraphs
In this section, we will determine the dimensions of the homology groups of the coloring complexes of the star hypergraphs. 
For r ≥ l − k − 2, the dimension of the r th homology group of ∆(H) is
and for r < l − k − 2, the dimension of the r th homology group of ∆(H) is n − k r + 1 .
Proof:
The result follows by noting that ∆(H) is equivalent to the cyclic coloring complex of G and using Theorem 5.6 of Crown [4] .
Diagonal Hypergraphs
In this section, we will determine the dimensions of the homology groups of ∆(H),
where H is a diagonal hypergraph on n vertices. As in the case of a complete k-uniform hypergraph, we will need to first compute the dimensions of the homology groups of ∆(H) C .
where l is the number of hyperedges of H.
Let ∆(E 
Proof:
The proof will follow the base case of Lemma 3.3 of Crown [4] . Consider the following long exact sequence:
Under a relabeling, notice that for all r, the elements of ∆ r (E where vertices i − 1 and i are in the same block of a partition (for some i, 2 ≤ i ≤ n), then the above lemma is true.
We now present the proof of Theorem 5.1:
Proof:
We will use a similar proof technique to that used in the proof of Theorem 3.2 above.
Without loss of generality, we will suppose that the edge set of H is
and let e i be the edge {i, i+1, ..., k +(i−1)}. We let ∆(E We first compute the dimensions of the homology groups of ∆(E (0,e 1 ) n ). Consider the exact sequence:
). If we relabel the vertex 1 in E n−k+1 with the elements of e 1 , then the complex ∆(E (1,e 1 ) n ) is equivalent to the complex ∆(E n−k+1 ). Therefore, for By a similar argument to the one used above, one can then show that the maps α r are injective, and by exactness of each of the long exact sequences, we have the desired result.
We are now able to compute the dimensions of the homology groups of the cyclic coloring of a diagonal hypergraph. From the proof of the last theorem, we know that the set of homology representatives of ∆(HC r (∆(H) C )) is a subset of the set of homology representatives of HC r (∆(E n )). Thus, the dimension of the image β r equals the dimension of HC r (∆(H) C ). This implies that the dimension of the kernel of φ r is zero for all r. By exactness, the theorem then follows.
